In this article, we give a proof on the Arnold-Chekanov Lagrangian intersection conjecture on the cotangent bundles and its generalizations.
In these local coordinates we have λ M = −pdq = − j p j dq j and ω M = dq ∧ dp = j dq j ∧ dp j .
It is easy to see that (T * M, dλ M ) is an exact symplectic manifold. Now consider the contactization (R × T * M, dz − λ M ) of (T * M, dλ M ). Let φ : T * M → T * M be a Hamiltonian symplectomorphism (see [3] ), then its liftφ : R × T * M → R × T * M be a Hamiltonian contactomorphism (see [3] ). The zero-section M in T * M lifts as a Legendre submanifoldM in (R × T * M, dz − λ M ), i.e., π(M ) = M, here π : R × T * M → T * M be the projection.
The Arnold-Chekanov Lagrange intersection conjecture(see [2, 3] ) in cotangent bundle is a well-known conjecture in symplectic geometry. We recall the formulation. Consider a smooth function f : M → R, we denote by crit(f ) and crit m (f ) the number of critical points of f resp. Morse function. Let Crit(M) = min{crit(f )} and Crit m (M) = min{crit m (f )} where f runs over all smooth functions M → R resp. Morse function. Now letφ t :: Now we generalize the above definition to the exact Lagrangian submanifolds in the exact symplectic manifolds. Let (V ′ , ω ′ ) be an exact symplectic manifold with exact symplectic form
i.e., the generalized Arnold-Chekanov Lagrange intersection conjecture holds.
i.e., the Arnold-Chekanov Lagrange intersection conjecture in cotangent bundle holds.
The Corollary 1.1 in the stable case was proved by Chekanov [4] , the other methods provided for example in [6] , for the complete reference, see [5] .
The proof of Theorem1.1 is similar to the one in [14] . 
in the following. The basic idea of the proof is to find an exact Lagrangian embedding ψ 1 such that By the generic hamilton perturbation, we can assume that
′ is an embedding, here Σ is the Riemann surfaces with boundaries contained in the boundaries of [0, 1] × W ′ . Moreover, we can assume that
′ and q j ∈ {1} × W ′ . Again, by the generic hamilton perturbation, we can also assume that
The crucial observation is that outside of Σ, q l , the exact Lagrange isotopy φ t is generated by autonomous hamilton flow. Consider I j ), i.e., the number of the critical points of h ′ equal to the number of I j , j = 1, ..., n. Finally, if n ≤ 2, the results is well known. This finishes the proof of Theorem1.1.
